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1 Introduction 

If j4 is a unital associative algebra and u is invertible in A, one can define an algebra 
A^^\ called the ii-isotope of A, which is equal to A as a vector space but has a 
new product x y = xuy. This isotope A'-"' is again unital and associative but 
with a shifted identity element . More generally there are definitions of isotope 
for several other classes of unital nonassociative algebras, notably Jordan algebras 
[Mc2, §1.3.2], alternative algebras [Mcl] and associative algebras with involution 
[Mc2, §1.3.4]. In each case, the isotope is obtained very roughly by shifting the 
identity element in the algebra, and two algebras are said to be isotopic if one is 
isomorphic to an isotope of the other. In the associative case, the u-isotope A'"^ is 
isomorphic to A under left multiplication by u, and therefore isotopy has not played 
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a role in associative theory. That is not true in general though, and in particular 
isotopy plays an important role in Jordan theory (sec for example [Mc2, §11.7]). 

In contrast, isotopes and isotopy have not been defined for Lie algebras, for the 
evident reason that Lie algebras are not unital."^ In this article we study notions 
of isotope and isotopy, which were recently introduced in [ABFP2] for a class of 
graded Lie algebras called Lie tori. The point to emphasize here is that forming an 
isotope of a Lie torus does not change the multiplication at all, but rather it shifts 
the grading. 

We are primarily interested in the case when the Lie torus is centreless, and 
there are two basic reasons why we axe interested in isotopy in this case. First, 
centreless Lie tori arise naturally in the construction of families of extended affine 
Lie algebras (EALAs), and we see in this article that isotopes and isotopy play a 
natural and fundamental role in the theory of both of these classes of Lie algebras. 
In fact, we show in section 6 using a construction of E. Neher, that there is a 1-1 
correspondence between centreless Lie tori up to isotopy and families of EALAs up 
to bijective isomorphism. (This terminology is explained in section 6.) 

Second, any Lie torus is by definition graded by the group Q x A, where Q is the 
root lattice of a finite irreducible root system A and A is (in this article) a finitely 
generated free abelian group. Depending on the type of A, centreless Lie tori are 
coordinatized by unital algebras that are in general nonassociative. For example, in 
types Ai, A2, Ar (r > 3) and Cr {r > 4) the coordinate algebras are respectively 
Jordan algebras, alternative algebras, associative algebras and associative algebras 
with involution. It turns out that an isotope of a centreless Lie torus is coordinatized 
by an isotope of its coordinate algebra, thereby connecting our notion of isotopy for 
Lie tori with the classical notions for unital nonassociative algebras. This fact can 
then be used to obtain necessary and sufficient conditions for two centreless Lie tori 
of the same type to be isotopic (in terms of their coordinate algebras). We describe 
these results in detail for types Ai, A2, A^ (r > 3) and (r > 4) in sections 8, 9, 
10, and 11, and we remark very briefly on the other types in section 12. 

Section 12 also includes a brief discussion of an alternate approach, using mul- 
tiloops, to constructing centreless Lie tori and studying isotopy. 

In writing this article, we have not assumed prior knowledge of the theories of 
EALAs, Lie tori or isotopy. In fact, we hope that this article will serve as a useful 
introduction to these theories and their interconnections. For this reason, we begin in 
sections 2, 3, 4 and 5 by recalling some of the important definitions and facts about 
EALAs, Lie tori and isotopy for Lie tori. For the same reason, we have included a 
brief discussion of coordinatization in section 7; and in sections 8 and 9 we have 
included some arguments that are familiar to experts in Jordan and alternative 
algebra theory, but may be less familiar to others. 

Acknowledgements: We thank Stephen Herman, Erhard Neher and Arturo Pianzola 

for stimulating conversations about the topics of this paper. We also thank Erhard 
Neher for his helpful comments about a preliminary version of this article. 

Assumptions and notation: Throughout this work we assume that ¥ is a field of 
characteristic 0. All algebras are assumed to be algebras over F, and all algebras 
(except Lie algebras) are assumed to be unital. We also assume that A is a finitely 
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generated free abelian group. We denote the rank of A, which is an integer > 0, by 
rank(yl). 

If _B is a Lie algebra and H is an ad-diagonalizable subalgcbra of E, we let 
Ep = {x (z E \ [h, x] = p{h)x for h £ H } for p in the dual space H* of H. Then, 
we define A{E, H) = { p e H* \ Ep ^ Q} and wc call elements of A{E, H) roots of 
E relative to H; so in particular, is a root (if E ^ 0). 

Some terminology for graded algebras: If ^ = ©asa^^ is a yl-graded algebra, the 
A-support of A is supp^(A) = { A G yl | / }. If T is a subgroup of A and A 
is a /^-graded algebra or vector space, wc regard A as yl-gradcd by setting A'^ = 
for A G yl \ 7^. If /I is a yl-graded algebra and A' is a yl'-graded algebra, wc say that 
A and A' are isograded-isomorphic , written A c^ig A' , if there exists an algebra 
isomorphism rj : A —>■ A' and a group isomorphism rjgr : A A' such that ri{A^) = 
^"7Br(A) fQj. xeA-in that case 77gr is uniquely determined by ri if (supp^(y4)) = A. 
(Here {supp^(A)) denotes the subgroup of A generated by supp^(y4).) If A and 
A' are yl-graded algebras, we say that A and A' are graded-isomorphic, written 
A ~yi A' , if there is an algebra isomorphism rj : A ^ A' that preserves the grading 
(that is 77gr = id). A A-graded algebra with involution is a pair {A,i), where A 
is a yl-graded algebra and i is an involution (antiautomorphism of period 2) of A 
that is graded. There is an evident extension of the terms isograded-isomorphic 
and graded-isomorphic and the notations ~jg and ~a for graded algebras with 
involution. Finally, the group algebra ¥[A\ = ®xeAM^ of A with t^t^' = t^+^' is 
naturally a yl-graded algebra. If we choose a basis { Ai, . . . , An } for yl, then F[yl] is 
isograded-isomorphic to the algebra F[if ^, . . . of Laurent polynomials with its 
natural Z"-grading. 



2 Extended affine Lie algebras 

The definition of an EALA has evolved from [HT], where these algebras were intro- 
duced under the name elliptic irreducible quasi-simple Lie algebra, and from [BGK] 
and [AABGP], where many of their properties were developed. We will use the def- 
inition given in [N2], which has the important advantage that it maJtes sense over 
any field of characteristic 0. Some of the facts about EALAs mentioned below were 
proved in the setting of [AABGP], but they can be verified in a similar fashion in 
our more general setting. 

Recall that an extended affine Lie algebra (EALA) is a triple 
{E, ( I ), H), where S is a Lie algebra over F, ( | ) is a nondegenerate invariant sym- 
metric bilinear form on E, and i7 is a finite dimensional nonzero self-centralizing 
ad-diagonalizablc subalgcbra of E, such that a list of axioms labeled as (EA3)- 
(EA6) are satisfied [N2]. For the purposes of this article we do not need the precise 
statement of these axioms, except to say that they are modeled after the properties 
of finite dimensional split simple Lie algebras and affine Kac-Moody Lie algebras. If 
[E, ( I ),H) is an EALA, we also say that E is an EALA with respect to ( | ) and 
H, or simply that E is an EALA. Roots of E relative to H are simply called roots 
oiE. 

If E is an EALA, we can as usual transfer the restriction of ( | ) to to a 

nondegenerate form ( | ) on the dual space H* . If 7i = A{E,H), V = spanj-(f?), 
and rad(V) is the radical of the restriction of ( | ) to V, then the image of R in 
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V I rad(y) is a finite irreducible root system (including 0) whose type is called the 
type of E. (See the beginning of §3 below for our conventions about finite irreducible 

root systems.) 

A root p of an EALA E is called isotropic if (p, p) = 0, and otherwise called 
nonisotropic. According to one of the axioms for an EALA, the group generated by 
the isotropic roots is a free abelian group of finite rank, and its rank is called the 
nullity of E. Then the extended affine Lie algebras of nullity and 1 arc precisely the 
finite dimensional split simple Lie algebras and the affine Kac-Moody Lie algebras 
respectively. (See [ABFP2, Remark 1.2.4] for nullity and [ABGP] for nullity 1.) 

If {E, {\),H) is an EALA, then so is {E,a{ \ ),H) for a eW^, and it is some- 
times convenient to adjust the form in this way. For this reason, the following is a 
natural notion of isomorphism for EALAs. 

Definition 2.1. // {E,{ \ ),H) and {E' , { \ )' , H') are EALAs, an isomorphism 
from {E,{ I ),H) onto {E',{ \ y,H') is a Lie algebra isomorphism x ■ E E' 
such that (x{x)\x{y))' = o-{x\y) for some a e and all x,y € E, and x{H) = H' . 
If such a map exists we say that {E, ( | ), H) and (E' , ( | )', H') are isomorphic. For 
short we often say that x is an EALA isomorphism from E onto E' and that E and 
E' are isomorphic as EALAs. 

Definition 2.2. // E is an EALA, the core of E is the subalgebra Ec of E that 
is generated by the root spaces of E corresponding to nonisotropic roots, and the 
centreless core of E is Ecc '■= Ec/Z{Ec)^ 



3 Lie tori 

With the construction of families of EALAs in mind, Yoshii gave a definition of a 
Lie torus in [Y6]. An equivalent definition, which we recall next, was given by Neher 
in [Nl]. 

It will be convenient for us to work with root systems that contain 0. So by a 
finite irreducible root system we will mean a finite subset Z\ of a finite dimensional 
vector space X over k such that Q £ A and :=Zi\{0}isa finite irreducible 
root system in X in the usual sense (see [B2, Chap VI, §1, no. 1, Definition 1]). 
With this convention we will assume for the rest of this section that A is a finite 
irreducible root system in a finite dimensional vector space X over k. Recall that 
A is said to be reduced if 2a ^ A^ for a G Z\^. If Z\ is reduced then A has type 
Ai{i > 1), B<.(£ > 2), Ct{i > 3), D«(^ > 4), Ee, E7, Eg, F4, or G2, whereas if A is 
not reduced, A has type BC£(£ > 1) [B2, Chapter VI, §4 and 14]. We let 

And := {0}U{q € A"" I \a ^ A}, 

in which case Ziind is an irreducible reduced root system in X, and ^ind = A ii A 
is reduced. Also we let 

Q = Q{A) := span2(Zi) 

be the root lattice of A. 

If L = ©(„_A)eQx A is a Q X A-graded algebra, then L = 0;^^^ is yl-graded 

and L = ©^.gQ La is Q-gradcd, with 
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= ©aeQ for A € yl and La = 0;,^^ for aSQ. 

Definition 3.1. A Lie /l-torus of type A is a Q x A-graded Lie algebra L = 
®(a x)eQxA ^ot over k which satisfies: 

(LTl) Lo^^O foraeQ\A. 

(LT2) (i) IfO^ae A, then Ll^O. 

(a) IfO^aSQ, XgA and L^ ^ 0, then there exist elements e^ € L^ 
and fa e LZa such that 

L^=¥et LZ^=¥f^, 

and 

[[ea,f^],xi}] = (P,a')xfi (1) 

forx/s € Lp, (3 € Q. 
(LT3) L is generated as an algebra by the spaces La, a € A^ . 
(LT4) A is generated as a group by supp^(L). 

In that case the Q-grading of L is called the root grading of L, and the A-grading 
of L is called the external grading of L. If A has type X(, we also say that L has 
type X«. 

Remark 3.2. Suppose L is a Lie yl-torus of type A. 

(i) It is shown in [ABFP2, Prop. 1.1.10] that suppq(L) equals either A or Ziind- 

(ii) It is sometimes convenient to assume the following additional axiom: 

(LT5) suppQ(L)=Zi. 

Note that by (i), (LT5) holds automatically if A is reduced. Also, if (LT5) does 
not hold, then we can replace A by /iind, in which case (LT5) holds. Thus, when 
convenient there is no loss of generality in assuming (LT5). 

In the study of Lie tori it is not convenient to fix a particular realization of the 
root system Zi or a particular identification of the group A with Z". For this reason, 
the following is a natural notion of isomorphism for Lie tori. 

Definition 3.3. If L is a Lie A-torus of type A with Q = Q{A) and L' is a Lie A' - 
torus of type A' with Q' — Q{A'), L and L' are said to be bi-isograded-isomorphic 
or bi- isomorphic for short, if there is an algebra isomorphism if : L ^ L' , a group 
isomorphism i^r '■ Q ^ Q , and a group isomorphism ipe : A —f A' such that 

,„{T^\ — T'feW 
VK^a) — ^ <pr(a) 

for a € Q{A) and X € A. In that case we write 

L ~bi L' 

and we call ip a bi-isograded-isomorphism, or a bi-isomorphism for short. Since 
{suppq(L)) = Q and {supp^(L)) = A, the maps ipr and ipe are uniquely determined. 

Remark 3.4- Suppose that : L — » L' is a bi-isomorphism as in Definition 3.3. We 
did not assume that ipr carries A onto A'. However, this holds automatically, if L 
and L' satisfy (LT5). In particular, if L and L' satisfy (LT5) and A' = A, then 

Ifir G Aut(/i). 
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Definition 3.5. Suppose that L is a centreless Lie A-torus of type A. We set 

= i° and f) = Lq. 

Then g is a finite dimensional simple Lie algebra and (} is a splitting Cartan sub- 
algebra of g [Nl, ABFP2]. Moreover, I) acts ad-diagonally on L. Furthermore, we 
can and do identify A with a root system in the dual space \)* in such a way that 
^(fli W = ^md, A{L, i)) = A or Aind, and, for a € Q, the root space of L relative to 
a is La [ABFP2, Prop. 1.2.2]. In particular, the type of the split simple Lie algebra 
g IS the type of the root system Aind- We call (g, ()) the grading pair for L.'^ 

Remark 3.6 ([BN, Prop. 3.13]). Suppose that L is a A-torus, and let Cent(L) be 
the centroid of L.® Then, Cent(L) is yl-graded, with Cent(L)^ = {c € Cent(L) | 
cCL") CL^+^ for/xeyl}. Let 

r(L) := supp^(Cent(L)) 

be the support of Ccnt(i), in which case r{L) is a subgroup of A called the centroidal 
grading group of L. In that case, Cent(Z/) is graded-isomorphic to the group algebra 
'¥[r] with its natural F-grading (and hence also with its yl-grading). 

Example 3. 7 (The untwisted centreless Lie torus). Let g be a finite dimensional split 
simple Lie algebra, let 1) be a splitting Cartan subalgebra of g, let g = ©agziga be 
the root space decomposition of g relative to (}, where A = A{q, f)). Set L = g (2iF[yl] 
with Q X yl-grading givcu by L^ = ® ¥[A]'^ for a e Q, A G A. Then L is a 
centreless Lie yl-torus of type A which we call the untwisted centreless Lie A-torus 
of type Zi/ The grading pair for L is (g 1, 1). The centroid of L consists of 
multiplications by elements of F[yl], so r{L) = A. 

In later sections, we will need the following lemma about bi-isomorphisms of 
centerless Lie tori of the same type. 

Lemma 3.8. Let L be a Lie A-torus of type A with grading pair (g, ()), and let L' be 
a Lie A' -torus of type A with grading pair (g', f)'). Let 11 = {ai, . . . ,ae} be a base 
for the root system A, choose / ei G Qa^, / /i G g-a^ with [[ei,fi],ei] = 2ei, 
and choose ^ e'i £ q'^., ^ G S-a- with [[ei,fi],ei] = 26^. Suppose there 
is a bi-isomorphism ip : L ^ L' with (fr in the Weyl group of A. (Here we are 
using the notation (fir and ipe of Definition 3.3.) Then, there exists a bi-isomorphism 
ifi : L ^ L' such that (p^ = ip^, ifir = 1, (fi(ei) = and (p(fi) = fi for all i. 

Proof. Since tpr is in the Weyl group of A, there exists an automorphism 77 of g 
such that 77(f)) = f) and ri{Qa) = 3,pr(a) for all a G zi [B3, Theorem 2(ii), Ch. VIII, 
§ 2, no. 2]. Moreover, 77 can be chosen in the form rj = exp(adg (xj)), where each 
Xi is in a root space of g corresponding to a nonzero root. Thus each adi:,(a;i) is 

* In [Nl], the grading pair is defined for not necessarily centreless Lie tori . For 
centreless Lie tori the two definitions axe equivalent [ABFP2, Prop. 1.2.1]. 

^ Recall that the centroid of an algebra is the associative algebra of all endomor- 
phisms of the algebra that commute with all left and right multiplications. 

^ The universal central extension of gZF[^l] is called the toroidal Lie algebra [MRY], 
which is one of the origins of the term Lie torus. 
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nilpotent and so we may extend rj to r) = exp(adt(a;i)). Then r? : L — » L is a 
bi-isomorphism with r/e = 1 and rjr = tfir- So replacing ip by (pri~^ , wc can assume 
that ifir = 1- Thus, (/'(flaj = fio n La^) = g' n L'^. = g'a- for all i. So fiei) = aie^ 
and v^C/i) = o-T^ fi for some ai € F'^. Choose a group homomorphism p : Q — > 
such that p{ai) = ai for all i, and define t G Aut(L) by T{xa) = p{a)xa for 
a € Q. Then t : L ^ L is a bi-isomorphism with Te = 1 and Tt- = 1. So <^r~^ is the 
required (fi. D 



4 The construction of EALAs from Lie tori 

In [BGK], Bcrman, Gao and Krylyuk gave a construction of a family of EALAs 
starting from a ccntrolcss Lie tori of type Ar, r > 3. In [N2], Neher simplified 
this construction and extended it to all types. Since we will be working with this 
construction in some detail, we give a careful description of it in this section. Facts 
that we note without reference are either straightforward or can be found in [Nl, N2]. 

We first need to establish some notation and assumptions. Throughout the sec- 
tion, we assume that L is a centreless Lie A-torus of type A and we let Q = Q{Al). 

Let 

r = r{L) 

be the centroidal grading group of L. We identify Ccnt(L) = ¥[r] (see Remark 3.6) 
by fixing a basis {f^ }~ier for Cent(L) satisfying t'^t^ = 

Next let Hom(yl, F) be the group of group homomorphisms from A into F. Then 
for 9 € Hom(yl, F), let 8$ € Der(L) be the degree derivation defined by 

dg{x^) = e{X)x^ 

for x^ e L^, A € A. Put 

V = {deles Hom(yl, F) } and CDer(L) = Cent{L)V. 

Then CDer(L) is a subalgebra of the Lie algebra Der(L) with product given by 

[f^de^t-^'de,] = (^1(72)59, - e^Mde,), (2) 

and CDer(L) is T-graded with CDer(L)^ = Cent(L)^D for 7 e T. 

Since L is a centreless Lie torus, there is a nondegenerate invariant yl-graded 
form ( I ) on L, and that form is unique up to multiplication by a nonzero scalar 
[Y6, Thm. 2.2 and 7.1]. We fix a choice of ( | ) on L. Then, since L is perfect and 
( I ) is invariant we have 

(c(x),t/) = (x,c(t/)) 

for x,y € L, c € Cent(L). Now let SCDer(L) be the subalgebra of CDer(L) con- 
sisting of the derivations in CDer(L) that are skew relative to the form ( | ). (This 
subalgebra does not depend on the choice of the form ( j ).) Then, SCDer(L) is a 
F-graded subalgebra of CDer(L) with 

SCDer(L)^ =t'^{d^eV\ 6>(7) = } (3) 

for J € r. SCDer(L) is called the algebra of skew- centroidal derivations of L. 
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Now suppose that D = (B-yerD^ is a r'-graded subalgebra of SCDer(L). The 

graded-dual space of D is the subspacc D^"'* = ©^,=^(£'7)* of D* , where (D^)* is 
embedded in D* by letting its elements act trivially on for (5 7^ 7 We let 

and we give the vector space C a .T-grading by setting 

= iD.,r (4) 

With this grading, C is a F-graded Z)-module by means of the contragradient action • 

given by 

(d./)(e) = -/([d,e]), 

for d,e e D, f £ C. We also regard C as a L-module with trivial action. Now define 

an ■ L X L ^ C hy 

<^D{x,y){d) = idx\y). 

Then an is a 7^-gradcd 2-cocyclc for L with values in the trivial L-module 
Finally, let ev : /I — > Co denote the evaluation map defined by 

{ev{\)){ds) = 0{\) 

for A € and de G Do C SCDer(L)° = V. 

With this background we now present the construction. 

Construction 4.1 ([N2]). Let L be a centreless Lie yl-torus of type A. In order to 
construct an EALA from L we need two additional ingredients. We assume that 

(4.1a) D is a .T-gradcd subalgebra of SCDer(L) such that the map ev : /I — »■ Co is 

injective, where r = r{L) and C = D^" . 
(4.1b) riDxD— >Cisa F-graded invariant 2-cocycle of D with values in the 

Z)-module C and t{Dq, D) = 0. 

Note that the assumption in (4.1b) that r is invariant means that 

r(di,d2)(d3) = r(d2,d3)(di) 

for di € D. Let 

E = E{L,D,t) = D® L®C, 

where C = D^* We identify D, L and C naturally as subspaces of E. Define a 
product [, ]e on E hy 

[dl+h+ fl,d2+l2+ f2]E = [dl,d2] + {[h,l2]+dl(l2)-d2{h)) 

+ {dl ■f2-d2-fl+ (7D{h, I2) + T{dl, d2)) 



^ In this section and in §6 we use the terminology (cochain, cocycle, coboundary 
and extension) from the cohomology of Lie algebras. See for example [Bl, Chapter 

I, Exercise 12 for §3]. 
^ Wc have changed the order used in [N2] of the components of E. This is convenient 
in the proof of Corollary 6.3 below. 
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for di € D, li € L, fi € C. Then, £ is a yl-graded algebra with the direct sum 
grading. Next wc extend the bihnear form ( | ) on L to a graded biUnear form ( | ) 
on E by defining: 

(dl +Il+fl\d2+l2+ f2) = ih I ^2) + /l(d2) + /2(dl). 

Finally let 

H = Do®t)®Co. (5) 
in E, where (g, f)) = Lq) is the grading pair for L. Thus we have constructed a 
triple {{E{L, D, t), ( | ), H), which we often denote simply by E{L, D, t). 

Neher has announced the following fundamental result on this construction: 

Theorem 4.2 ([N2, Thm. 6]). (i) If L is a centreless Lie A-torus, D satisfies 
(4.1a) and r satisfies (4-lb), then E{L,D,t) is an extended affine Lie algebra of 
nullity rank(yl). 

(a) If E is an EALA, then E is isomorphic as an EALA to E{L, D, r) for some 

L, D and t as in (i). 

Remark 4-3. (i) It is easy to check that the EALA E{L,D,t) in part (i) of the 
theorem does not depend, up to EALA isomorphism, on the choice of the form ( | ) 
on L. 

(ii) Neher actually states more than we've stated in part (ii) of the theorem. 
Indeed, given an EALA E, then Ecc, with a suitable grading, is a Lie torus satisfying 
(LT5) and E is isomorphic as an EALA to E{E^c, D, r) for some D and r as in (i) 
[N2, Thm. 6(ii)]. 

(iii) In particular, we can always choose L in part (ii) of the theorem satisfying 
(LT5). In that case, the type of E and L are the same. 

(iv) The Lie torus L in part (ii) of the theorem is not uniquely determined up 
to bi-isomorphism. However, it is uniquely determined up to isotopy, a fact that has 
motivated our work on this topic. We discuss this in detail in §6 below. 

Remark 4-4- Suppose L is a contrcloss Lie torus, F = r(L), and _D is a .T-gradcd sub- 
algebra of SCDer(L). Let M := D ® L and identify D and L naturally as subspaces 
of M. Then, M is a yl-graded Lie algebra with product [ , ] given by 

[di +/i,d-|-/2] = [di,d2\ + {[h,l2]+di{h)-d2{h)), 

and C is an M-modulc via {d + I) ■ f = d ■ f. The cocycles ao and r can be 
extended to cocycles for the Lie algebra M with values in the M-modulc C by letting 
aoiD, M) = (jd{M, D) =0 and r(L, M) = t{M, L) = 0. If -D and r satisfy (4.1a) 
and (4.1b), then as a Lie algebra E{L, D, r) is equal to the extension Ext(M, C, aD + 
t) of M by C using the cocycle an + t. 

If L is a centreless Lie torus, we let 

'P(L) = {{D,t)\ D satisfies (4.1a) and r satisfies (4.1b) }. 

We note 'P{L) is nonempty since in particular (SCDcr(L),0) G V{L). With this 
notation Theorem 4.2(i) tells us that Construction 4.1 builds a family 

{ E{L, D, T ) }(D,T)ev(L) 

of EALAs from L. Also, Theorem 4.2(ii) tells us that any EALA E occurs (up 
to isomorphism of EALAs) in the family {E{L, D,T)}(^z},T)ev(L) constructed from 
some centreless Lie torus L. 
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5 Isotopy for Lie tori 



In this section, we recall the definition of isotopy from [ABFP2]. Throughout the 
section, we assume that L is a Lie vl-torus of type A and we let Q = Q{A). 
li a € Q, we let 

/I, = /l,(L) :={AGyl|L^7^0}. 
We call Ac the A-support of L at a. Note that € via if ^ a e Ziind, by (LT2)(ii). 

Definition 5.1. Suppose that s S Hom((3,yl), where Hom(Q,yl) is the group of 
group hornomorphisrns from Q into A. We define a new Q x A-graded Lie algebra 
L^"^ as follows. As a Lie algebra, L^"^ = L. The grading on L^"^ is given by 

(L^'))^ = L^+^f"^ (6) 

for a £ Q, X £ A. 

The following necessary and sufficient conditions for L^"^ to be a Lie torus are 
obtained in [ABFP2, Prop. 2.2.3]. 

Proposition 5.2. Let s € iiom{Q,A), and let n be a base for the root system A. 
The following statements are equivalent: 

(a) L^^-* is a Lie torus, 

(b) s{a) G for allQ^ ae Am- 

(c) s{a) € Aa for all a € H. 

Definition 5.3 (Isotopes of Lie tori). Suppose that s G }iom(Q,A). If s satisfies 
the equivalent conditions in Proposition 5.2, we say that s is admissible for L. In 
that case, we call the Lie torus L'*' the s-isotopc of L. 

Remark 5.4- Suppose that i7 = { ai, . . . , } is a base for A. By Proposition 5.2, 
to specify an admissible s € }lom(Q,A) for L, and hence an isotope L^"^ of L, one 
can arbitrarily choose Ai € Ac^ for 1 < i < r, and then define s € Hom(Q,yl) with 

s{ai) — \i for 1 < i < r. 

Definition 5.5. Suppose that L is a Lie A-torus of type A and L' is a Lie A' -torus 
of type A'. We say that L is isotopic to L' , written L ~ L' , if some isotope L^'^ of 
L is bi-isomorphic to L' . 

Using the facts that L^"'> = L, (L^^))^*) = L(^+*) and (L^^))^-^) = L as Q x A- 
graded algebras for s,t € 'Hom{Q,A), it is shown in [ABFP2, §2] that isotopy is an 
equivalence relation on the class of Lie tori. 



6 Isotopy in the theory of EALAs 

As promised at the end of §4, we now describe the role that isotopy plays in the 
structure theory of EALAs. Our first theorem on this topic was actually the starting 
point of our investigation of isotopy. 
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Theorem 6.1. Suppose L is a centreless Lie A-torus of type A and L' is a centreless 

Lie A' -torus of type A'. If some member of the family { E{L, D,t) }(D,T)ev(L) is 
isomorphic as an EALA to some member of the family { E{L' , D' ,t') }(r>' ,T')ev(L'), 
then L is isotopic to L' . 

Proof. Let (g, t)) be the grading pair of L. Since A{L, t)) = A or Ziind (see Definition 
3.5), we can if necessary replace A by ^ind so that 

A{m,) = A. 

Suppose now that E = E{L, D, r), whore (D,t) £ ViL). Wc use the notation 
Q, C, ev, H from Construction 4.1. Recall that H = Do ffi (} © C, so we can identify 

H* = {Do)* © ()* ® (Co)* = Co ffi ()* © Do. 

We use ev to identify A with a subgroup of Co C H*. 

Let R be the set of roots of E and let he the set of nonisotropic roots in R. 
Then by [N2, §5], we have 

R"" = Ll^eAx{^c + a)CRCA®Q, (7) 

where Ac = Aa{L). It follows from this fact and (LT2)(i) that 

{R} = A®Q. (8) 

Now by [N2, §5], we have 

E\ + a ~ L„ (9) 

for A G A, Q e Q. It is easy to show using this equation, (7) and (LT3) that the 
core of E (see Definition 2.1(ii)) is given by 

Ec = LeC. (10) 

(In fact this is implicit in [N2].) Hence, since L is centreless, we have 

Z{E,) = C. (11) 

Next, let E' = E{L',D',t'), where {D',t') € V{L'), and we use all of the above 
notation (with primes added) for L' and E' . 

Suppose that x is an EALA isomorphism. So 

X{H) = H', 

and X preserves the forms up multiplication by a nonzero scalar. It follows that 
x{Ec) = -Be- So, by (10) and (11) (and the corresponding primed equations), we 
have 

X{L ffi C) = L' e C and x(C) = C . 
Thus, there exists a unique Lie algebra isomorphism ip : L ^ L' with 

X{l) = ^il) (modC) (12) 

for / £ L. It then follows that 

X-'in^f-'il') (modC) 
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for I' €L'. 

Now, by (12), we have ip{t)) C {H' ® C") n L' = t)', and similarly ip-'^H)') C (). 

So 

^(f,) = f,'. (13) 
Hence, if /i € (), xCi) - V^Ci) e H' nC = C^,so 

X{h) = <p{h) (mod CO- (14) 

Also, x(Co) C if' n C" = and similarly x"^(Co) C C7o. So 

x(Co)=C7i. (15) 

But then, by (13), (14) and (15), xih ® Co) C f)' ® Cq, so using the corresponding 
property for x~^-: we have 

Xii) © Co) = b' © Ci (16) 
Next define X-H* ^ H'* by 

(X(p))(x(i)) = p(i) 

for p £ f/*, t € H. (x is the inverse dual of xl-f/ ^ — > ^^'0 Similarly, define 
0:^^ i)'* by 

(^(a))(^(/i)) = a(/i) 

for a e f)*, ft e f). Then, using R = A(E, H) and A = A{L, ()) (and the correspond- 
ing primed equations), we see that 

X{R) = R' and ifi{A) = A'. 

Thus, since {R} = yl ® Q and (A) = Q, we have 

xiA®Q) = A'®Q', (17) 
^(Q) = Q'. (18) 

Let a € Q, and write, using (17), x{a) = A' + a', where A' € A', a' G Q'. Then, 

(A' + a')(x(ft)) = <^{h) for ft € fl (in fact for h e H). Thus, by (14), {\' + a ){ip{h)) = 
a{h), so a'{ip{h)) = a{h) for ft G f). Hence, a' = iy5(a). Thus, since (f is invertible, 

X{a) = s'{^{a))+^{a) (19) 

for Q G Q and some s' G Hom((5', yl'). 

Next let A G yl, and as above write x(A) = A' + a', where A' G A', a' G Q'. 

Then, (A' + a'){x{t) + Co)) = A(f) + Co) = 0. Hence, byJ16), (A' + a') (I)' + C^) = 0, 
so a' = 0. Thus, x(^) C A' and similarly x^'^A') = x~~^iA') C A. So 

X(^) = (20) 

Using (18) and (20), we let ipr = : Q ^ Q' and (fe = xU ■ A ^ A' . Then, 
using (9) and (19), we have, for ^ a G Q, A G yl, 

X{La) = X{E\ + a) = -E^(A + a) = -B^(A) + s' {<^(a)) + <p(a) 

_ (• r '\x(A)+s'(<?(a)) _ //r'\(s')-sVc(\) 
y '0(a) VV / ^<pr(ot)' 
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So by (12), we have 



for ^ a £ Q, X £ A. But then, by (LT3), this equation holds for all a £ Q, \ £ A. 
Therefore, since L is a Lie yl- torus of type A, so is (I/')'^ Hence s' is admissible 
for L', and ip is & bi-isomorphism of L onto {L'Y^ \ □ 

We next consider the relationship between the family of EALAs constructed 
from a Lie torus L and the family of EALAs constructed from an isotope of L. For 
this purpose, we assume now that L is a centreless Lie /1-torus of type A, Q = Q{A), 
s € Hom(Q,yl) is admissible for L, and L'^^ is the s-isotope of L. 

We fix a nondegenerate yl-graded invariant symmetric bilinear form ( | ) on L 
and we use that same form on L'^' . 

Let 9^°-' be the degree derivation of L'*-* determined by ^ G Hom(yl, F). Define 
the yl-graded Cent(I/)-module isomorphism 

0/ : CDer(L) ^ CDer(LW) by W{cde) = cd^'^ 
Using (2) we see that ^ is also a Lie algebra isomorphism. Let he €i) he given by 

a{he) = 0{s{a)) 

for a € Q, and define the yl-graded Cent(L)-module monomorphism 

n : CDer(L) ^ L by n{cde) = che 

for c € Cent(L). For / € (L^"')^ = L^+"'"', we have de{l) = e{X + s{a))l = d^'^l) + 
[he, I]. Thus, 

d^/^ =de- adL{he) and ^{d) = d- adz,(f2(d)) 

for d £ CDer(L). Since the derivations in adhiL) are skew, we see that if' maps 
SCDer(L) into SCDer(L("'). We also note using (2) that 

n{[t'<'d6„t'<^ds^])=t''H''^{ei{'y2)he^ -e2(7i)V) 
= de, {f^ he^ ) - de^ {f' he, ) 
= f'de.inif'de,)) - f^de^iOif^'de,)), 

for £ r and 6i £ Hom(yl,F), so J7 is a derivation of CDer(L) into L. 
If {D,t)£V{L), let 

= ^f^o), (21) 
in which case D^'^ is a F-graded subalgebra of SCDer(L). Also let 

ip: and lj : D ^ L 

be the restrictions of •f' and i? to D. Then ■0 is a yl-graded Lie algebra isomorphism, 
w is a yl-graded vector space monomorphism, and 

V'(d) =d-adi(a;(d)) (22) 

for d€ D. Finally let 
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which is r'-graded as in (3), and define a yl-graded cochain 

r^"' : D*"' X ^ C<°' by r*"' (V'di, ^d2)(^d3) = r(di,d2)(d3) (23) 
for di e D. 

Theorem 6.2. Suppose that L is a centreless Lie A-torus, s G Hom((5,yl) is ad- 
missible for L, {D,t) G V{L), and {D^^\t'-'^) is defined by (21) and (23). Then 
pW^^M) gp(iW). Moreover, E = E{L,D,t) and E'-'^ = E{L^'\D^'\t'~'^) are 
isomorphic as EALAs. To be more precise, define x ■ E E^'^ by 

for x = d + l + c€E,d£D,l€L, f€C, where rj : E ^ C'"' is given by 

vixmd')) = f{d') -{1+ ^cjid) I cjid')) 

for d' £ D. Then x is an isometry and a A-graded Lie algebra isomorphism that 
maps H to H'-'^ = D,',"' ® f) c/,"' . 

Proof. Define tp : C ^ C'"' by ip{f ){ip{d)) = f{d) for d G D, / € C. Clearly, f/; is a 
F-graded vector space isomorphism. Let ev^^' be the evaluation map for L'-*' . Then, 
for A G yl and dg G d'^^ , we have 

(V;(ev(A)))(a(^') = (Vi(ev(A)))(V'(9e)) = (ev(A))(a,) = ^(A), 

so ')/' |oo °ev = ev^"^. Hence, ev'*' is injective; i.e., D^^^ satisfies (4.1a). 

It will be convenient to view E as Ext(M, C, au +r), the extension of M = D(BL 
by C using the cocycle an + r as in Remark 4.4. Let M^''^ = D^^' © L and set 

e(d + = ^(rf) + u;(d) + / 

for d G il>, / G L. We claim 

^ : M ^ M^^' is a Lie algebra isomorphism. (24) 

Clearly, f is bijective since ip is bijective. Since ip : D —f D^"^ is an isomorphism and 
L IS an ideal in M^"), the map d + Z — » ip{d) + L = ^(d + /) + L is a homomorphism 
M M^^'^/L. Thus, for mi, m2 G M, 

z := (,{[mi,m2]) - [^(mi), ^(m2)] G L. 

On the other hand, C : M — > Der(L) given by C('^) = adM(m) \l and similarly 
^(s) . _> Der(L) are homomorphisms. Moreover, 

C^'^ (e(d + 0) = V'(d) + adz,(a;(d)) + adi (/) = d + adi(Z) = C(d + 0, 

so C^"^ ° 4 = C- Thus, 

adi(«) = C^'\z) = C([mi,m2]) - [C(mi), C(m2)] = 0. 

Since L is ccntrclcss, z = and ^ is an isomorphism. 
We also note that for d,d' € D, I € L, f £ C, 
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(ad + 1) ■ mmd')) = • i>{f)md')) = -i^{f)md), ^{d')]) 
= -f{[d, d']) = {d ■ f){d') = i>{{d + 1) ■ fmd'), 



e(m) • = i^im ■ f) (25) 

for m e M, / e C. 

Recall that the group (M, C) of 2-cocycles on M with values in C consists of 
all alternating bilinear maps fj, : M x M ^ C such that 

yZ,. ■ , (At([mi, rrij], mfc) - rm ■ ii{mj,mk)) = 

for mi,m2,m3 € M where k) O means k) is acyclic permutation of (1, 2, 3). 
We can use f and ip to transfer n to jl : M'^"^ x M'^"^ — > C^°^ with 

f>-{(.{fni),i{m2)) =i!{n{mi,m2)). 

Using (24) and (25), we see that p(/i) = fi defines a group isomorphism p : 
Z^{M,C) Z2(MW,cW). Furthermore, the map ^ ® tp : Ext(M,C,M) ^ 
is a Lie algebra isomorphism. 
Let f = p{t). Then t{M^''\L) = f (^(M),^(L)) = tP{T{M,L)) = and thus also 
f(L,M(^)) = 0. Moreover, for di,d2,dz G D, we have 



f(i/>(di),V(d2))(i/'(d3)) = V(r(di,d2))(V(d3)) =r(di,d2)(d3) 

so f is the extension of t^"^ to M'"-* and t'^"^ is a cocycle. The invariance of r 
is immediate from the invariance of r, while the equation t^^^{d\^\d'^''^) = is 
immediate from the definition of r'"' and V(-Do) = -D^"'- This shows (i)^''^ r'"') € 

It remains to prove the statement about x- To do this it will be helpful for us to 
write an element x = d + l + f € E, where d£D,l£L, f£C,asa, column vector 

I 
f 

Similarly we express elements of E^""^ as column vectors. This notation allows us to 
write linear maps (for example from E to i?^"^) as matrices. 
Define 

uj*:L^C by to* {l){d) = {I \ Lo{d)). 
We see that ioTX = d + l + c£E,dGD,l£L, f£C and for d' € D, we have 

Vixmd')) = {f- 0J*{1 + ia;(d)))(d') = Vi(/ - + iu;(d)))(V(d')), 

so r]{x) = ip{f) — {'tp ° '^*)(0 ~ l(V' ° ° '^)('^)- Hence, in matrix form 



X = 





tj Id 

-i-i/) o o (jj —ijj o o;* -i/) 



Let 
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> 0" 




Id 0" 




"V 0" 


X = 


Id 




UJ Id 




Id 




-!/;_ 




— \uj* o UJ —UJ* Id 




-!/;_ 





w 
_0 -UJ* 0_ 

so v : E ^ E. The definition of uj* shows that f is a skew transformation of E. 
Thus, exp(i') is an isometry of E. We can write 



exp(i') 



The first factor is an isometry E — > S'"' by the definition of Thus, x : -B — > E''"^ 
is an isometry. 

Since ■(/' and uj are A-graded, so are ip, uj* , 7] and x- Also, 01(1)0) ^ f), so x(-^) ^ 
V-C-Do) e {uj{Do) + I)) e ?7(£'o) C h'-'\ But since Z?^"' = ^P{Do) and C^"' = ^/^(Co), 
we have dirn(i?(^)) = dim(ff), so x{H) = -ff'"'. 

It remains to show that x is a homomorphism of Lie algebras. Let a' = 
p~^(cr£,(»)) ^ Z''{M,C). Then, (t^jCs) (^(mi), ^(7712)) = ■4'{cr'{mi,m2)) for mi,m2 € 
M, so 

a-'(mi,m2)(d) = (^("^i)''^('^2))(-!/'(d)) 
for d € D. We will show that cr' = ctd + where k : M —^ C is the 1-cocycle 

K(d + l) = + u;*(0 

and 6{k) is the coboundary of k; i.e., 

(5(/t)(mi, m2) = m2 • /t(mi) — mi • K(m2) — /t([mi, 77x2]). 

Indeed, using linearity and skew symmetry, it suffices to check this for the pairs 
(/i,/2), (^1,^2), and (di,d2). For this recafi that L ■ C = 0, [uj{D),uj{D)] C 
[Cent(L)t), Cent(L)t)] = 0, and that a; is a derivation of D into L. We have 

(T'(/l,«2)(d) =C7o(.)(/l,Z2)(V(d)) = md){h) I /2) 

= ((d-adz,(a;(d))(Zi) | Z2) = - [uj{d),h] \ h) 

= {d{h) I h) - {u,{d) I [h, h]) = {cTDih, h) - uJ*{[lu hWd), 



while 



S{K){hM) = h ■ K{h) - I2 ■ k{Ii) - K{[ll,l2]) = -«;([/l,/2]) = -LJ*{[ll,l2])). 



Also, 



cT'(di, d2)(d) = cTjyM (V(di) + a;(di), V(d2) + a;(d2))(V(d)) 

= (V(d)(c^(dl)) I Uj{d2)) 

= ((d-adi(c^(d))(w(di)) |a;(d2)) 
= (d(a;(di)) I t^(d2)) 



and 
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2{5{K){dl, d2))(d) = (dl • tJ*{uj{d2)) - d2 ■ U}*{uj{dl)) - UJ*{u>{[dl,d2]))){d) 

= -(w(d2) I w([di,d])) + (a;(di) I a;([d2,d])) - (w([di,d2])) | a;(d)) 

= -(W(d2) I dl(w(d)) - d{i.'(di))) + {i0{dj) \ d2{cj{d)) - d(w(d2))) 
- {d-i(ij{d2)) - d2{ij{dl)) \ Uj{d)) 

= (a;(d2) 1 d(w(di))) - (w(di) | d(w(d2))) 
= 2(d(w(di)) I a;(d2)). 



Finally, 
and 



cr'{di,l2){d) = (7jj(s){ip{di) +ui{di),l2){d) = (d • a;(di), Z2) 



{5{K){di, l2)){d) = (dl • uj*{l2) - I2 ■ iw*(a;(di)) - a;*([di, Z2]))(d) 

= -{h \ C0{[dl,d])) + {l2 I dl-Lj{d)) 
= {I2 \d-L0{dl)). 

So a' = an + S{k) as claimed. 

Since a' + t = ao + r + 5{k), the map m + f^m + f — K{m) for m € M, 
/ e C is a Lie algebra isomorphism oi E = E{L, D, r) with Ext(M, C, cr' + t). We 
can write this isomorphism as 



Id 

Id 
— hijJ* o (jj — o)* Id 





D 




D 




L 




L 




C 




C 



Since (T^ia) + t^"' = p(cr' + r), we also have that 



is a Lie algebra isomorphism of Ext(M, C, a' + r) with E^"'' . Thus, 



1/) 0' 
o) Id 

i> 



V 
w Id 
GOV) 



Id 






Id 



■io;* o o) — a»* Id 



is a Lie algebra isomorphism from E to E^^K D 

Corollary 6.3. Let L be a centreless Lie A-torus of type A, and let L' be a centreless 
Lie A' -torus of type A' . Suppose that L is isotopic to L' . Then, there is a bijection 
{D,t) {D',t') from 'P{L) onto 'P{L') such that E{L,D,t) is isomorphic as an 
EALA to E{L',D',t') for all {D,t) € V{L). 

Proof. If L and L are bi-isomorphic, the result is clear. So wc can assume that L' = 
L*") is an isotope of L. Define T : V{L) P(L') by T(0,r) = (©("^rt'') using the 
notation of Theorem 6.2. Similarly, we have a map T' : V{L') •p(L''~''') = P(L), 
and it is clear that T and T' are inverses of one another. So T is a bijection. □ 
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Less precisely (but more succinctly), Corollary 6.3 says that if the center- 
less Lie tori L and L' are isotopic then the families {E[L, D,T)}^£,.T)ev(L) and 
{E{L' , D' ,t')}(£,' ,T')ev(L') of EALAs are btjectively isomorphic. Using this lan- 
guage, Theorem 4.2, Theorem 6.1 and Corollary 6.3 together tell us that Construc- 
tion 4.1 provides a one-to-one correspondence between centreless Lie tori up to 
isotopy and families of EALAs up to bijective isomorphism. 

Remark 6.4- Suppose that L is a centreless Lie torus. To construct all of the members 
of the family { ii'(L, _D, r) }(£),T)ep(i,) of EALAs corresponding to L, one must do 
the following: (i) Calculate the centroid Cent(L) and identify it explicitly with ¥[r] 
(in which case SCDer(L) is completely understood from (3)); (ii) Determine the 
r-graded subalgebras D of SCDer(L) which satisfy (4.1a); (iii) For each D in (ii), 
determine all 2-cocycles of D satisfying (4.1b). We note that (i) can be carried out 
for each type A using the coordinatization theorems (sec §7 below) and the results 
and methods in [BN, §5]. However, finding a general approach to (ii) and (iii) seems 
to be much more difficult. (See [BiN, p. 3] for some remarks on problem (iii) and see 
[BGK, Remark 3.71(b)] for an example of a nontrivial choice of r.) We do however 
note that the tasks (ii) and (iii) are independent of the type A; in fact they depend 
only on the rank of F. 



7 Coordinatization of Lie tori 

In the classical study of finite dimensional split simple Lie algebras, one can con- 
struct the algebras using special linear, orthogonal and symplectic matrix construc- 
tions along with some exceptional constructions starting from Jordan algebras and 
alternative algebras. (See for example [S, §111.8, IV. 3 and IV. 4].) 

Similar coordinatization theorems have been proved for centreless Lie tori. Very 
roughly speaking these results show that a centerless Lie torus of a given type can be 
constructed as a "matrix algebra" over a "coordinate torus" , which for some types is 
nonassociative. References for each type are: Ai: [Yl]; A2: [BGKN, Y4]; Ai{l > 3), 
Di{l > 4), Ee, Er and Eg: [BGK, Y2]; B2 = C2: [AG, BY]; B,(/ > 3): [AG, Y5, AB]; 
Ci{l > 3): [AG, BY]; F4 and G2: [AG]; BCi [AFY]; BC2: [Fl]; and finally BC,(/ > 3): 
[AB]. We note that these theorems were in some cases proved before the notion of Lie 
torus had been introduced and were instead formulated in the language of EALAs. 
Also, in some cases the theorems were proved over the complex field. Nevertheless 
the translation to the language of Lie tori and the extension to arbitrary base fields 
of characteristic are not difficult. 

In the following sections, we recall the coordinatization theorems for types Ai, 
A2, Ai{l > 3) and Ci{l > 4), which use respectively Jordan tori, alternative tori, 
associative tori and associative tori with involution as coordinates. First we recall 
the definitions of these types of tori. 

Recall that a Jordan algebra is an algebra with commutative product satisfying 
a^{ab) = a{a^b), and an alternative algebra is an algebra with product satisfying 
0(06) = a^b and {ba)a = ba^ (see for example [S] or [Mc2]). 

Definition 7.1. Suppose that A = ^^^^A^ is a A-graded Jordan algebra, alterna- 
tive algebra or associative algebra. A is said to be a Jordan, alternative or associative 
yl-torus respectively if: 
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(i) For X € supp^(A), is spanned by a single invertible element of A.^° 
(a) A is generated as a group by supp^(j4). 

Note of course that any associative torus is an alternative torus. An associative A- 
torus with involution is a pair {A,l), where A is an associative A-torus and b is a 
graded involution of A. 

Remark 7.2. Suppose that A is a, Jordan or alternative Tl-torus, and let S = 
suppyi(A). Then, it is clear that —S = S. Moveover, if A is alternative, it is easy 
to see that S is closed under addition, so S = A. However, this is not true in the 
Jordan case, although S is closed under the operation (A, /x) i— » A + 2/i. 

Example 7.3. Let q = {(jij) be an n x n- matrix over F with qu = 1 and qtj = qj^ 
for all i,j. Let Fq = Fq[a:j'^^, . . . , x^^] be the associative algebra over F presented by 
the generators Xi,x~^ , i = 1, . . . , n, subject to the relations 

XiX~^ — x~^Xi = 1 and XjXi = qijXiXj, 1 < «, j < n. 

Then, Fq has a natural Z"-grading with (Fq)('i- = ¥x[^ ...x'^. The Z"-graded 
algebra Fq is an associative Z"-torus called the quantum torus determined by q.^^ 
Conversely, it is easy to see that any associative torus is isograded-isomorphic to a 
quantum torus. Recently, rational quantum tori, that is quantum tori Fq with each 
qij a root of unity, have been classified up to isograded-isomorphism by K.-H. Neeb 
in [Ne, Thm. 111.4] cis tensor products of rational quantum Z^-tori and an algebra of 
Laurent polynomials. (In [H, Thm. 4.8], J.T. Haxtwig gave a tensor product decom- 
position of rational quantum tori but he did not give a condition for isomorphism.) 

In the following sections, we will give some further examples of the tori defined 
in Definition 7.1. 



8 Type Ai 

In this section we assume that 

A = {a,0,-a} 

is the root system of type Ai, and Q = Q{A) — Za. 

To construct a centreless Lie A-torus of type A, we use the Tits-Kantor-Koecher 
construction. (See [Mc2, p. 13] for the facts mentioned below about this construc- 
tion.) We begin with a Jordan yl-torus A and we define operators Vx.y G Eik1(A) for 
x,y £ Ahy Vx,yZ = {x,y,z} :— 2{{xy)z + {zy)x — {zx)y). These operators satisfy 
the identity [Vx,y, Vz,m] ~ V{x,y,z},w — 14, {a, a^,™}, so their span Va,a is a Lie algebra 
under the commutator product. Moreover, the map * defined by Vx,y i— > —Vy^x is a 
well-defined automorphism of Va,a. We now set 

L{A) = TKK(A) — Ai e Va,a 

^'^ We are using the standard definitions of invertibility for Jordan algebras [Mc2, 

p. 210], alternative algebras [S, p. 38] and associative algebras. 
" If n = 0, we interpret q = and Fq = F. 
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where, for i = ±1, is a copy of the vector space A under the linear bijection 
X 1-^ Xi. Then L{A) is a Lie algebra, called the Tits-Kantor-Koecher Lie algebra of 
A, under the product defined by: 

[r,a;i] = (Tx)i, [T,y_i] = (r'y)-!, [xi,yi] = Q [i = ±1), 
[x,,y-,] = V^,y, [T,T']=TT' -T'T, 

for x,y £ A, T,T' e Va,a. Finally, L{A) is a Q x yl-graded algebra with 

L(A)^ = (A")i, L{A)^= ^ L(A)^„ = 

IJ.-\-l/=\ 

for A e yl and L{A)'^ = ioi X e A, (3 € Q \ A. Yoshii has shown that L{A) is 
a centreless Lie A- torus of type A, and he proved the following coordinatization 

theorem. 

Theorem 8.1 ([Yl, Thm. 1]). Any centreless Lie A-torus of type A is graded- 
tsornorphic to the Lie A-torus L{A) = TKK(yl) constructed from a Jordan A- 
torus A. 

Yoshii went on to describe five families of Jordan Z"-tori and then he showed 
that every Jordan /l-torus with rank(yl) = n is isograded-isomorphic to a torus in 
one of the families [Yl, Thm. 2]. The simplest of these families consists of the tori Fq , 
where Fq denotes the Z"-graded algebra Fq with multiplication x ■ y — ^{xy + yx). 

Definition 8.2 (Isotopes of Jordan tori). Let A be Jordan A-torus and let u be 
a nonzero homogeneous element of A. So u € A~'', where p e supp;^(A). Let A^"^ 
be the algebra with underlying vector space A and product -u defined by 

x-uy= ^{x,u,y}. 

Then, since u is invertible in A, is a Jordan algebra and the identity element 
of A^'^^ is = lMc2, p.86]. So l^"' e A". We endow A^") with a A-grading 
by setting 

(^("')^ = A^+'' 

for \ € A. It is easily checked that is a Jordan A-torus which we call the u- 
isotope of the Jordan torus A. It is also easily checked that up to graded-isomorphism 
A^"^^ does not depend on the choice of nonzero u in A~'' . 

Suppose that u, v are nonzero homogeneous elements of a Jordan yl-torus. It is 
well known that 

aW=^, (^("))W =^(t'"'') and yl, (26) 

as algebras [Mc2, Proposition 7.2.1], where UuV — \{u, v, u}. It is easy to check that 
these are also equalities of yl-graded Jordan algebras. 

Definition 8.3. Suppose thai A is a Jordan A-torus and A' is a Jordan A' -torus. 
We say that A is isotopic to A' if some isotope of A is isograded-isomorphic to A'. 
In that case, we write A ~ A' . It follows from (26) that ~ is an equivalence relation 
on the class of Jordan tori. 
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The following lemma is our key to understanding the connection between isotopy 

for Lie tori and isotopy for Jordan tori. In fact its proof (sec (27) and (28) below) 
shows that the definition of isotope for Jordan tori is determined without foreknowl- 
edge from the definition of isotope for Lie tori. We will see the same phenomenon 
for alternative tori in §9 and for associative tori with involution in §11. 

Lemma 8.4 (Key lemma for type Ai). Suppose that A' is a Jordan A' -torus, 
A is an Jordan A-torus, and s G Hom(Q,yl) is admissible for L{A). Suppose that 
(fi : L{A') —^ L{A)^^^ is a bi-isomorphism with (fir = 1. Then, —s{a) G supp^(A) 
and for any nonzero u in A""'™' there is an isograded-isomorphism r) : A' ^ yl'"^ 
such that rjgr = ipe ■ 

Proof. Note first that since s is admissible, we have s{a) £ Aa{L{A)) = supp^(A), 
so —s{a) e supp^(A). Thus we can choose nonzero u in A~''(") as suggested. 
Let 1' denote the identity in A' . Then 

^(i'_0 e y^iHA'tc.) = mAY'^)-<. = L{A)-_T^ = (A-»("))_i. 

So replacing u by a scalar multiple we can assume that <^(l'_i) = w-i. Now define 
a linear bijection r) : A' ^ Ahy 

{r]x)i = <^(a;i) 
for X £ A' . Then, for x,y £ A' , we have 

{vixy))i = ifii{xy)i) = ^<fi{{x, l',y}) = i(p([[a;i, l'_i], t/i]) 

= ^[[{vx)i,u-i],{'ny)i] = {^{r]x,u,r]y})i = {r]{x) -uviv))!, (27) 

and, for A € A', 

{v(.a"))i = ^((^")i) = 'PiHA^) = (L(^')r<'> 

= (^<^e(A)+«(a))^ ^ ((A("))'^»(^))i. (28) 

n 



Proposition 8.5. Let A be a Jordan A-torus, and suppose that s £ Hom(Q, A) is 
admissible for L{A). Then, —s{a) € supp^(A) and for any nonzero u in A~^'^°'\ we 
have L(A)("> ~Qx.i L(A(")). 

Proof By Theorem 8.1, we have LiAf"^ ~qx/i L{A') for some Jordan yl-torus A' . 
So we have a bi-isomorphism ip : L{A') — > L(j4)'°' with ipr = 1 and <pe = 1- Lemma 
8.4 now tells us that A' ~a A^'^\ so L{A') ~q^a L(A("'). Hence L{Af'^ ~qxa 
L(A(">). □ 

Our main theorem in this section, gives necessary and sufficient conditions for 
two centreless Lie tori L{A) and L{A') to be isotopic. To do this, we need to first 
give necessary and sufficient conditions for these Lie tori to be bi-isomorphic. 



Theorem 8.6. Suppose that A is a Jordan A-torus and A' is a Jordan A' -torus. 
Let L{A) = TKK(A) and L{A') = TKK(yl')- Then 
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(i) L{A) L{A') ^ A ~ig A'. 

(ii) L{A) ~ L{A') ^ A^A'. 

Proof. Let L = L{A) and L' = L{A'). 

(i) : The proof of is clear, so we prove Suppose ip : L' —^ L is a hi- 
isomorphism. Then ipr = ±1, so ipr is in the Weyl group of A. Therefore, by Lemma 
3.8, we can assume that ipr = 1. Thus, by Lemma 8.4 with s = and m = 1, we 
have A' c±.ig A. 

(ii) : By assumption, L' ~6i L*-^-* for some s G Hom(Q,/l) that is admissible 
for L. So, choosing u as in Proposition 8.5, we have L' L{A^'"^). By (i). A' c^ig 

By (i) we can assume that A' = A^"-*, where « is a nonzero homogeneous 
element of A. Then u € A"*", where p G supp^ L = Aa{L). So s : Q ^ A defined by 
s{a) = p is admissible for L, and hence L' ~u L'"^ by Proposition 8.5. □ 

We will next give an example of two centreless Lie tori that are isotopic but not 
bi-isomorphic. For this we need a little preparation. 

Remark 8.1. Suppose that A is a Jordan A-torus, and let Cent(A) be the centroid of 
A. It is clear that Cent(A) is Tl-graded and that the support F = r{A) of Cent(>l) 

is a subgroup of A [Yl, §3]. Also, if 5* = supp^(^), it is clear that S is a union of 
cosets of r in A, and we let S/T = {A + r|AG5'}C A/T. If S/T is finite, we 
denote the sum of the elements of S/F in A/F by E{S/F). 

Lemma 8.8. Suppose A is a Jordan A-torus with S/F finite and E{S/r) = 0, 
where F = F{A) and S = supp^(A). If p e S with \S/F\ p ^ F and ^ u £ A'f, 
then A^"^ A. 

Proof. Let T^"^ = r(/l("') and 5^"^ = supp^(^'")). It is easily checked that 
Ccnt(A(")) = Ccnt(^), so T^") = F. Also, 5*"' = S - p, so E{S'^''^/F) = 
S{S/F) - \S/F\{p + F) = -\S/F\(p + F) ^ 0. But then SiS/F) = and 
X'(5'(")/r) ^ imply our conclusion. □ 

Our example uses Jordan tori of Clifford type [Yl, Example 5.2] as coordinate 
algebras. 

Example 8.9. Let A = I? and let R = ¥[2 A] be the group algebra of 2yl with its 
natural grading by 2A (and hence by A). Let {Ai,A2,A3} be the standard basis 
of A and let A4 = Ai + A2 + A3. Let V = 0^=i Rxi bo the free /^-module with 
base { a:i, a:2, sa, 0:4 }, and give V the A-grading such that deg(t''a:i) = p + \i for 
p € 2A and 1 < i < 4. Define a A-graded J?-bilinear form / : V x V ^ R hy 
f{xi,Xj) = 5i,jt^^' for 1 < i,i < 4. Finally, let A = R®V with the direct sum 
yl-grading, and define a product in A by 

(r + v){r' + v') = rr' + /(«, v') + rv' + r'v 

for r, r' G R, v,v' G V. Then A is a Jordan torus. (The algebra A is called a spin 
factor in [Mc2, p. 74].) Further, using the notation of Lemma 8.8, F = 2A and 
S = {2A) U {ut=i {2A + Xi)), so S/F is finite and SiS/F) = 0. Also \S/F\ p = 5p ^ F 
for p G S \ F. So for any nonzero homogeneous element u in A \ R, we have, by 
Lemma 8.8, that A j^ig A^'^K Therefore, for any such u, we see by Theorem 8.6 that 
L{A) i±u L(v4<">) but L{A) ~ L(yl(">). 



Isotopy for EALAs and Lie tori 



23 



9 Type A2 

Suppose in this section that 

A = {0}u{ei-ej I 1 < i / j < 3} 

is the root system of type A2 (where £i,e2,e3 is a basis for a space containing A), 
and Q = Q{A). We let ai = ei — £2 and 02 = £2 — £3, in which case { oi, 02 } is a 
base for the root system A. 

Let A be an alternative Tl-torus. We construct a centreless Lie Tl-torus of type 
A from A using J. Faulkner's 3 x 3-projective elementary construction. (See [Fl, 
Appendix, (A6)] for the properties mentioned below about this construction. Note 
however that we are using the notation eij{x) in place of the notation Vij{x) that 
is used in [Fl].) Recall that the 3x3 projective elementary Lie algebra is the Lie 
algebra 

L(A) = pe,iA) := Lo ® (ei<,^,<3 e^M)), (29) 
where Lo and Cij (A) are subspaces of L satisfying: 

(a) For i 7^ j, there is a linear bijcction x i—> eij{x) from A to eij{A), 

(b) [eij(x), ejk{y)] = eik{xy) for x,y € A and distinct i,j, k, 

(c) [eij{x),eij{y)] = tor x,y £ A, i j, 

(d) [Lo,Lo]CLo, 

(e) [Lo, e^JiA)] C eij{A) for i^j, 

(f) Lo = Ei<i<^<3[ei.(^),e,i(A)], 

(g) { a; € Lo : [x, eij{A)] = for i j } = 0. 

(30) 

These properties characterize the Lie algebra L{A) in the following sense: If L'{A) = 
L'o ® (©Ki^jo Giji^)) is another Lie algebra satisfying the conditions in (30), then 
there is a unique isomorphism from L{A) L'{A) such that eij{x) 1— > eij{x) for 
i ^ j , X £ A. Finally L{A) is a Q x yl-graded algebra with 

L(A),Ve, = ei.iA'), L{A)'o = j:^+.=,j:^<,<i<s[eki{An,ea{A^)], 

for j, \ e A, and L(^)^ = for A e ^, a £ Q \ Zi. It is easily checked that L{A) 
is a centreless Lie torus of type A2. 

Moreover, Berman, Gao, Krylyuk and Neher (over C) and Yoshii (in general) 
proved the following coordinatization theorem: 

Theorem 9.1. ([BGKN, Lemma 3.25], [Y4, Prop. 6.3]) Any centreless Lie A-torus 
of type A is graded-isomorphic to the Lie A-torus L{A) = ])e^{A) constructed from 
an alternative A-torus A}^ 

An important example of an alternative torus is the octonion torus. A simple 
way to introduce this torus uses a presentation [Y7] . 



A different description of L[A) was used in [BGKN] and [Y4], but it is not difficult 
to check that the two descriptions give Lie tori that are Q x /l-graded-isomorphic. 
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Example 9.2. Let C(3) be the alternative algebra that is presented by the generators 
xf^, 1 < i < 3, subject to the relations XiXj^ = x^^Xi = 1 for all i, 

XiXj = —XjXi for i ^ j, and (a;ia;2)a;3 = — a;i(a;2a;3). 

Although we will not need this, one can show more concretely that each element of 
C(3) can be written uniquely as a linear combination of monomials = {x\^x^2)^^3 : 
i = (11,12,13) € Z^, with multiplication given by 

where K{i,j) = hji + 1231 + i3j2 + iij2j3 + j2ji ja + i3jij2. 

If n > 3, the graded algebra C(3) ® F[ alternative Z"-torus, 

where x\,...,Xn are assigned the degrees in the standard ordered basis for Z" 
(identifying C(3) and F[j:J^, . . . , xf^'^] as subalgebras of the tensor product). The 
Z"-graded algebra C(3) ®V\x^^, . . . ,Xn^] is called the octonion 17^ -torus. 

We have the following description of alternative tori: 

Theorem 9.3. ([BGKN, Thm. 1.25], [Y4, Cor. 5.13]) If A is an alternative A-torus, 
then either A is associative (and hence isograded-isomorphic to a quantum torus), 
orn > 3 and A is isograded-isomorphic to the octonion Z"' -torus. 

Remark 9.4- Suppose ^ is a yl-torus. Recall that by Remark 7.2, supp(A) = A. So 
Aa{L{A)) = A for all nonzero a € A, and therefore any s e Hom(Q,yl) is admissible 
for L{A). 

Definition 9.5 (Isotopes of alternative tori). Let A he an alternative A-torus 
and let ui and U2 he nonzero homogeneous elements of A. Thus, Ui e A~'''^ , where 
pi £ A for i = 1,2. Let A^"!'"^-' he the algehra with underlying vector space A and 
with product -m ,U2 defined hy: 

X ■m,u2 y = {xui){u2y) 

forx,y € A. Then, since u\,U2 are invertible, ^("i'"^) alternative algebra with 

identity = {uiU2y^ [Mcl, Thm. 1 and Prop. 2]. We define a A-gradvng on 

^("i,"2) setting 

/or A G A. Then A*"!''"^' is an alternative A-torus which we call the (ui, M2)-isotope 
oi A . It is easily checked that this torus does not depend up to graded-isomorphism 
on the choice of nonzero Ui in A~''^ . 

Lemma 9.6 (Key lemma for type A2). Suppose that A' is an alternative A' - 
torus, A is an alternative A-torus, and s € Hom((5,yl). Suppose that : L{A!) —f 
L(j4)^^-' is a hi-isomorphisrn with ipr = 1. Choose 7^ Mi £ ^''("i) for i = 1,2. Then 
there is an isograded-isomorphism r) : A' ^ ^("i."2) g^jg/j Hi^i — ^p^^ 

Proof Write L(A') = Lj, ® (©i<.^,<3 e-,(^')) ^ in (29). Now ¥'(e^(A'^)) = 
^(L(A').V..) = (i(A)(=))r^i^] = L(A)^^^^;+^(^^-^-) = ei,(A^=(^)+^(^^--.)) for 
X € A', i ^ j. Thus, for i =^ j, we have a linear bijection ipij : A' ^ A with 
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ipie'ijix)) = eij{(pij{x)) (31) 

for a; € j4', in which case 

<^,,(^'^) = (32) 
for A € A'. Using (31) and the relation (30)(b) in L(A') and L{A), we see that 

ifiijixy) = ipikix)ipkj{y) (33) 

for x,y € A' and k 

Now let Uij — (fiij{l') for i j, where 1' is the identity in A' . Then, taking y = 1' 
and separately a; = 1' in (33), we have ^ij{x) = ipik{x)ukj and ^ij{y) = Uik(pkjiy) 
for x,y € A' and k So 

fijixy) = iPik{x)ipkj{y) = {ipij{x)ujk){ukiipij{y)) = ■u^i,,«ki faiv) 

for x,y € A' and k ^. Also, by (32), ui2 € A^'-"^^ and M23 € A^'-°'^\ So replacing 

ui and U2 by scalar multiples, we may assume that ui = U12 and U2 — U23. Thus, 
ifi3i is an algebra isomorphism of A' onto ^("i'"2) Moreover, for A £ A', 

ip3l(^(^A')^) = = ^Ve(A)-s(ai)-s(a2) _ ^^(ui ,112) ^Ve (A) 

So we have our conclusion with 77 = 1^31 . □ 

Proposition 9.7. Suppose A is an alternative A-torus and s G Hom((3, A). Choose 
^ Wi e A"'"*) fori = 1,2. T/ien, L(yl)W ~qxa L(A("1'"=^). 

Proof. This follows from Lemma 9.6 as in §8. (See the proof of Proposition 8.4.) □ 

Wc could introduce isotopy for alteruativc tori in the obvious fashion (as in 
Definition 8.3 in the Jordan case). However, in view of the following result, this will 
not be necessary. 

Proposition 9.8. Suppose that A is an alternative A-torus and wi,M2 are nonzero 
homogeneous elements of A. Then A'-"!'"^-' ~jg A. 

Proof. Let A' = ^("i'"2) Suppose first that A is associative. Then, one checks that 
the map x 1-^ {uiU2)~^x is a graded algebra isomorphism of A onto A' . So we can 
assume that A is not associative. Thus, A' is also not associative [Mcl, p. 256 257]. 
Therefore, by Theorem 9.3, A and A' are both isograded-isomorphic to the octonion 
Z"-torus. So A c:^ig A'. O 

Remark 9.9. With the assumptions of Proposition 9.8 one can actually show that 
but isograded isomorphism is all that we need. 

If A is an alternative yl-torus, then the opposite torus of A is the alternative 
yl-torus j4°^, where A°^ = ^ as graded vector spaces and the product on ^4°^ is 
given by x-opy = yx. 

Lemma 9.10. Suppose that A is an alternative A-torus. Then, there exists a unique 
bi-isomorphism from L{A) onto L{A°'^) such that 

e,j{x) -eji{x) 

for X G A and i ^ j, where L{A°'') = Lq ® (©i<i^j<3 eij{A°'')) as in (29). 
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Proof. In L(^°P), put e'ij{x) = —e.ji{x) for a; € ^4, i ^ j, and put Lq = Lq. Then, 
L[A"^) = Lq ® (®i<i^j<3 and for x,y € A and i, j, k we have 

[6-3(0;), ejfc(j/)] = [ej<(a;),efcj(2/)] = -[6^3(2/), e^i (a;)] = -euiy -op a;) = e-fc(a;j/). 

The other properties in (30) arc clear, so wc have a unique Lie algebra isomorphism 
<f : Li^A) — > L(^°P) such that iy3(eij(a;)) = €!ij[x) = —e.ji{x) for a; € ^ and i ^ j. It 
is clear that if is a bi-isomorphism with ipr = —i and i^e = 1- □ 

The main result of this section is: 

Theorem 9.11. Suppose that A is an alternative A-torus and A' is an alternative 
A'-torus. Let L{A) = pe3(A) and L(A') = pe3(^'). Then, the following are equiva- 
lent:" 

(a) A is isograded-isomorphic to A' or {A'y' . 
(h) L{A)~biL{A'). 
(c) L{A)^L{A'). 

Proof. "(a)=>(b)" Since L{A') c±t,i L{A'°^) by Lemma 9.10, we can assume that 
A c:iig A' . (b) is then clear. 
"(b)^(c)" is trivial. 

"(c)^(a)" By assumption, L{A') L(A)(''^ for some s G Hom(Q,yl) that is 
admissible for L{A). Choose / £ A"^"''^ for i = 1, 2. Then, by Propositions 9.7 
and 9.8, we have i(^)'*^ ~6i L(^'"i'"2)) L{A). So there is a bi-isomorphism 
if : L{A') — » L{A). Now the automorphism group of A is generated by —1 and the 
Weyl group of A. Hence, post-multiplying ip by the bi-isomorphism in Lemma 9.10 
if necessary, wc can assume that ifr is in the Weyl group. Thus, by Lemma 3.8, we 
can assume that ipr = 1. So, by Lemma 9.6 (with s = and ui = U2 = 1), we have 
A' ~ig A. n 

Remark 9.12. If A is an alternative torus, it is not in general true that A is isograded- 
isomorphic to A°'^ . However, one can show that this is true if A is the octonion torus 
(since the octonion torus has an involution) and if ^ is a rational quantum torus 
(using the classification in [Ne]). 



10 Type A^, r > 3 

Suppose in this section that r > 3, 

Zi = { } U { £i - I 1 < i / j < r + 1 } 

is the root system of type Ar (where £1, . . . , is a basis for a space containing A), 
and Q = Q{A). We let ai = ei — Si+i for 1 < i < r, in which case { ai ar } is a 
base for the root system A. 

Let A be an associative yl-torus, and denote by [A, A] the Lie algebra spanned 
by commutators in A. Let 

" Sec [GN, Lciimia 1.4] for a result related to Theorems 9.11 and 10.6 in the context 
of Jordan pairs covered by grids. 
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L{A) = sV+i(A) := {X € MaW+i(A) | ti{X) € [A, A] }. 

Then L{A) is a Lie algebra under the commutator product called the x (r+1)- 

special linear Lie algebra over A. For 1 < i, j < r + 1, wc let Cij be the (i, j)-matrix 
unit in Matr+i(A) with 1 in the (i, j)-position and zeros elsewhere, and we let 
eij{x) = xcij for x € A. Then L{A) is a Q x yl-graded algebra with 

L{A)i,-e, = eij{A% LiA)i = { eii{xi) \ Xi € A\ ^ [A A] }, 

for i ^ j, X ^ A, and L{A)a = for A € /l, a € Q \ Z\. It is easy to check that the 
matrices eij{x), x £ A, i ^ j , generate the Lie algebra L{A) and also, using the fact 
that the centre of A intersects trivially with [A, A] [BGK, Prop. 2.44], that L{A) is 
centreless.^* It then follows easily that L{A) is a centreless Lie yl-torus of type A. 

Moreover, Berman, Gao and Krylyuk (over C) and Yoshii (in general) proved 
the following coordinatization theorem: 

Theorem 10.1. ([BGK, Thm. 2.65], [Y2, §4]) Any centreless Lie A-torus of type 
A is graded-isomorphic to the Lie A-torus L{A) = slr+i(j4) constructed from an 

associative A-torus A. 

Remark 10.2. Exactly as above one can define centreless Lie tori sl2(^) and sl3(^) 
in rank 1 and 2 respectively. Then it is not difficult to show that sl2(j4) ~qx/i 
TKK(A^) and sl3(A) —qxA pe^[A). However, as we've seen, these constructions do 
not provide all examples of Lie tori of type Ai or A2 . 

To understand isotopes of Lie tori of type A, we could proceed as in rank 1 and 
2 to relate them to isotopes of the coordinate tori. However, we can take a simpler 
approach in view of the next proposition.^^ 

Proposition 10.3. Suppose A is an associative A-torus and s G Hom((5,yl). (Note 
that as in rank 2 any s € Hom(Q,yl) is admissible for L{A).) Then, L(>1)*°' — Qxa 
L{A). 

Proof Let Q' = ®ltl'^Si- Then Q' = Zei Q, so we can extend s to a group 
homomorphism s : Q' —* A hy setting s(ei) = 0. Choose 7^ di £ j^^isi) fQj. 
1 < i < r + 1. Let d = diag(di, . . . , d^+i) and define y : L{A) —> L{A) by 

<p{X) = dXd~^ 

for X € L{A). (Here we are using the fact that tr(XiX2) = tr(X2Xi) (mod [A, A]) 
for Xi,X2 £ Matr+i(j4), so ip maps L{A) into L{A).) Then, is a Lie algebra 
isomorphism. Also 

v{L{A)i^_,^) = ^(e,,(L^)) = e^Ad^A'd-') = e,,.(^^+^(=-)-^(^^') 

= L(<+4;-^^' = (L(^)W),Ve, 

for A € yl; so, by (LT3), (^(^(yl)^) = (L(yl)('))^ for a € Q, A € vl. □ 

In view of these properties, it is natural to also use the notation pe^_|_j(j4) for 
L{A), which is consistent with the notation in rank 2 (see Remark 10.2). 
This proposition could also be proved at the level of coordinates using the fact 
that any isotope of an associative algebra A is isomorphic to A. 
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The "key lemma" that we need is simpler than in rank 1 and 2 because of 
Proposition 10.3. 

Lemma 10.4 (Key lemma for type Ar, r > 3). Suppose that A' is an associative 
A' -torus and A is an associative A-torus. Suppose that ip : L[A') — > L(A) is a bi- 
isomorphism with ipr = 1. Then, there is an isograded-isomorphism rj : A' A such 

that Tjgr = Ifie ■ 

Proof. By Lemma 3.8, we can assume that 1^(6,3(1')) = eij{l) for i — j = ±1, and 
hence for all i ^ j- Also, we have the relation 

in L{A) for x,y £ A and i, j, k 7^. We can thus argue as in the proof of Lemma 9.6 
(with s = and u\ = U2 = !)■ □ 

The following is easily checked: 

Lemma 10.5. Suppose that A is an associative A-torus. Then, the map T 1— »• — T* 
is a bi-isomorphism from L{A) onto L{A°''). 

Theorem 10.6. Suppose that A is an associative A-torus and A' is an associative 
A'-torus. Let L{A) = s\r+i{A) and L{A') = s\r+i{A'). Then, the following are 
equivalent: 

(a) A is isograded-isomorphic to A' or [A')°^ . 

(b) L{A)^^iL{A'). 

(c) L{A)r^L{A'). 

Proof. If (a) holds then, by Lemma 10.5, we can assume that A c±ig A', so (b) 
follows. The implication "(b)=>(c)" is trivial. Finally, suppose that (c) holds. Thus, 
L{AY^^ c^bi L{A') for some s € Hom(Q,yl), so L{A) ~bi L{A') by Proposition 10.3. 
We can now obtain (a) using the argument in the proof of Theorem 9.11 (and using 
Lemmas 10.4 and 10.5). □ 



11 Type Cr, r > 4 

Suppose in this section that r > 4, 

A = {Q}\J{ei-ej\l<i^j<r}{ ±{ei + Sj) \1 <i < j <r} 

is the root system of type Cr (where £1 , . . . , Er is a basis for the space spanned by 
A), and Q = Q{A). We let = — Ci+i, 1 < « < r — 1, and ar = 2er, in which 
case { ai, . . . , } is a base for the root system A. 

Let {A, t) be an associative yl-torus with involution. For convenience, write x = 
i{x) for X e ^ and X = (xij) for X = (xij) G Matr(^). We write A± = A±^^ := 
{x £ A \ X = ±x }, in which case A = A+ ® A- . Let 



L{A,t) = ssp2^(^,t) := { 



X Y 
Z -X* 



\X,Y,Z € Matr(A), 
y* = F, = Z, tr{X) GA+ + [A, A] }. 
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Then L{A, t) is a Lie algebra under the commutator product called the (2r) x (2r)- 
special symplectic Lie algebra over A. To define a grading on L{A,l), let 

iij (x) = xeij — xej+r,i+r if 1 < i J < f", and 

where Cij is the (i,j)-matrix unit. With this notation, L{A,l) is a Q x yl-graded 
algebra with 



L{A,i,)^ = {EI=i(ei,i(a;i) - ei+r,i+r{xi)) \ Xi € A^, EI=i a^i e A+ + [A, A] } 

for X€ A, and L{A, l)^ = ioi X € A, a € Q \ A. Then L(^, (,) is a centreless Lie 
yl-torus of type A. 

Moreover, Allison and Gao (over C) and Benkart and Yoshii (in general) proved: 

Theorem 11.1. ([AG, Prop. 4.87], [BY, Theorem 5.9]) Any centreless Lie A-torus 
of type A is graded-isomorphic to the Lie A-torus L{A,l) = ssp2r(A, t) constructed 
from an associative A-torus with involution {A,tj}^ 

Remark 11.2. Exactly as above one can define centreless Lie tori ssp^{A,i) and 
sspg(^,t). However, these constructions do not provide all examples of Lie tori of 
type C2 = B2 or C3 [AG, Thm. 4.87]. 

Example 11.3. Let q — (qij) G Matn(F) with qu = 1 and Qij = qji = ±1 for all 
i,j, and let Fq = Fq[a;f ^, . . . , x^^] be the quantum torus corresponding to q as in 
Example 7.3. Suppose e = (ei, . . . , e„) e F" with a = ±1, Then, there is a unique 
involution te on Fq such that ie{xi) = CiXi for 1 < i < n; and (Fq, te) is an associative 
Z"-torus with involution. It is not difficult to show that any associative torus with 
involution (A, t) is isograded-isomorphic to some (Fq,(,e). More specifically, if we 
choose any basis {Ai,...,Ari} for A and choose / yi G A^' for each i, then 
there is an isograded-isomorphism of {A, l) onto (Fq, te) so that yi l—^ Xi for each i, 
where q and e are determined by the equalities yjyi = qijyiyj and L{yi) = Ciyi [AG, 
p.163-164]. 

Yoshii in [Y3, Thm. 2.7] classified the associative tori with involution (Fq, te) up 
to isograded-isomorphism using successive changes of variables that transform the 
pair (q, e) into a canonical form. Alternatively, as we now see, one can classify asso- 
ciative tori with involution using quadratic forms following an approach discussed 
in [AFY, Remark 5.20]. 

Let A = A/2A regarded as a vector space over Z2 = Z/2Z, and let A — > A be the 
canonical map of A onto A. Recall that a map /t : yl — > Z2 is called a quadratic form 

^® L{A,l) was described differently in [AG] and also in [BY]. It is not difficult to 
check that the three descriptions give Lie tori that are Q x yl-graded-isomorphic. 
If n = 0, we interpret (Fq,(,e) as (F, id). 



L{A,i)t(^.+^.) 



£ij(A^) for 1 < i 7^ J < r, 
mij[A'^) for 1 < i,J < r, 
nij{A^) for I <i,j <r, 
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on A if the map /tp : A x yl — > Z2 defined by Kp(A, p) = k(A + p) + k(A) + k{iX) is 
biadditivo. In that case, Kp is called the polarization of k. (The usual assumptions 
that K{aX) = a^K(A) for a e Z2 and that Kp is Z2-bilinear are automatic.) If A has 
basis { Ai, . . . , A„ }, then the quadratic forms on A are precisely the maps k : A ^1,2 
of the form 

71 n 

/jAi) = ^ /jfci + ^ kljaij, (34) 

i=l i=l l<i<J<n 

where (6i) e Z2 and (ojj) is an alternating matrix in Mat„(Z2) (that is aij = an 

and an = 0). 

Proposition 11.4. (i) If {A,l) is an associative A-torus with involution, then there 
is a unique quadratic form k : A Z2, which we call the mod-2 quadratic form for 
{A, l), such that 

Lixx) = (-1)'=<^>XA (35) 
for x\ £ A'^ , \ £ A. In that case, we also have 

xxx^ = {-iT'^^'^'i'^x^xx (36) 

for XX G A^, Xft £ A^', X,fi £ A. 

(a) Any quadratic form k on A is the mod-2 quadratic form for some associative 

A-torus with involution. In fact, if A = 2," with standard basis { Ai, . . . , An }, t is 
given by (34) and we define e and q by a = ( — l)*"' and Qij = ( — 1)"*^, then k is the 
mod-2 quadratic form for (Fq, te). 

(Hi) If{A,b) is an associative A-torus with involution and {A',l') is an associa- 
tive A' -torus with involution, then {A,l) ~ig {A' if and only the corresponding 
mod-2 quadratic forms k and k' are isometric, which means that there is an 1i2-linear 
isomorphism f : A ^ A' such that K'(r(A)) — k(A) for X £ A. 

Proof. We may assume that A = with standard basis { Ai, . . . , A„ }, and in (iii) 
that A' = Z". 

(i) The uniqueness of k is clear. For the existence wc may assume that {A, t) — 
(Fq,te) as in Example 11.3. Choose (bi) £ Z2 and alternating (oij) G Matri(Z2) 
such that Ci = ( — 1)*"' and qij — ( — 1)"'^ . Then an easy computation shows that 
(35) holds with k given by (34). Also, if xx G A'^, x^ G A^ , A,/i G A, then xxXy, = 
i{i{x^)i{xx)) = (-l)"'^+''^+''(^)+''('')a;^a:A, so (36) holds. 

(ii) It is enough to prove the second statement which follows from the proof 
of (i). 

(iii) Wc may assume that {A,l) = (Fq,te) as in Example 11.3. For "=>", let 
77 : {A,l) {A',l') be an isograded-isomorphism and set r := rj^i G GL(yl). Then, 
7j{A^) = A'^'^' and so k'(t(A)) = k(A) for X e A. Thus, the map t G GL{A) induced 
by T is an isometry of k onto For "<=", lot r G GL(yl) be an isometry of k onto 
k' . Then f is induced by some t G GL(yl). (This follows from the fact that any 
element of GL„(Z2) is the product of elementary matrices.) Let AJ = r(Ai) and 

x'i e A'^'* for each i. Then, x'jx[ = (-l)"i'^*'^Pa;^a;^ = {-l)'''>'-^''^i^x'ix'j = 

qrjx'ix'j and I'ix',) = {-!)"' ^^'i^ x'i = (-1)"^'^'^ x'i = etx'i, so {A',l') ~ig (Fq, te) (see 
Example 11.3). □ 
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Finite dimensional quadratic forms over Z2 have been classified up to isometry 
[D, Chap. I, §16], and hence Proposition 11.4 gives a corresponding classification of 

associative yl-tori with involution. 

Remark 11.5. Suppose that {A,b) is an cissociative yl-torus with involution with 
A+ = A+,„ and set A+ = A+{A,l) := {X ^ A \ A^ C A+}. li 1 < i j < r, 
then lij{A), mij{A), and nij{A) are subspaces of L{A,l) and the maps x £ij{x), 
X rriijix) and x nij{x) are injections from A onto lij{A), rnij{A), and nij{A) 
respectively. On the other hand if 1 < j < r, we have mii{x) — mii{x) and 
nii{x) = nii{x) in L{A,t) for x £ A, and the maps h 1— > mu{h) and h 1— > nu{h) 
are injections of A+ onto mu{A+) = mii{A) and nii{A+) = nii{A) respectively. 
Thus, if a e Zi^ , we have 

, {A, if Q is short; 

^-(^(^'^»=|yl+,ifais long. 

Hence, if s G Hom((5,yl), then s is admissible for L[A,i) if and only if s(ar) G A+. 

If {A,i) is an associative yl-torus with involution, elements of ^+,t are called 
hermitian elements of {A. l). To form an isotope of [A, t) along the lines of previous 
cases, we could a define new product (x, y) 1-^ xhy on A, where h is a nonzero homo- 
geneous hermitian element of {A,i), shift the grading, but keep the same involution. 
Following [Mc2, §1.3.4], an equivalent but simpler approach is to keep the product 
and grading and modify the involution. 

Definition 11.6 (Isotopes of involutions). Suppose that (A,l) is an associative 
A-torus with involution. Let h be a nonzero homogeneous hermitian element of {A, t), 
and define l^^^ : A ^ A by 

i^'^\x) = hxh~^ 

for X G A. Then, (A, t'''^) is an associative A-torus with involution. (The multipli- 
cation and grading on A are unchanged.) We call the /i-isotope of t. 

Lemma 11.7 (Key lemma for type Cr). Suppose {A',b') is an associative A! - 

torus with involution, (A, l) is an associative A-torus with involution, and s G 
Hom((3,yl) is admissible for L(A,l). Suppose that ip : L(A' ,l) L(>1,(,)'°' is a 
bi-isomorphism with (fr ~ 1- Choose 7^ /i G A'*^"""'. Then there is an isograded- 
isomorphism r? : {A' , l') — > (^4, t'-''') such that rjgr = tpe £ GL{A). 

Proof. In the argument k will always denote integers with 1 <i,j,k< r. 

As in the proof of Lemma 9.6, we see that (p{e'ij{A'^)) = (A-^^^^'+^^^'-^i*) and 
<fi{m'ij{A'^)) = m,j(^'^=(^'+''('='+^J^) for A G /I and i / j. So we may define linear 
bijections fij : A' —f A and : A' ^ A for i ^ j such that 

ifi{eij{x)) = £ij{<fiij{x)), (fi{mij{x)) = mij{tpij{x)) 

for a; G j4', and 



for X £ A. 

Next, direct multiplication in L{A,l) gives the following identities: 
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[£ik{x),£kj{y)] =iij{xy) and [£ij{x),[£ji{y),mij{z)]] = mij{x{yz + yz)) 

for x,y,z € A, i,j,k 7^. We have similar equations in L{A',t.'), and applying (p to 
these yields 

'Pij{xy) = 'fiik{x)ipkj{y), (37) 
ipij{x{yz + yz)) = 'fiii{x)i'Pji{y)tpij{z) + <fiji{y)ipijiz) ) (38) 

for x,y,z £ A' , i, j, k 7^. 

We let Uij = ¥?ii(l') € ^"(^--^j) and Vij = Vii(l') £ for i 7^ j. 

Setting X = y = 1' in (37), we get Uij = UikUkj for A; 7^. Therefore, UijUji = 
u^lukiUijUji = u^iUkjUji = u^iUki = 1, so Uij = w"/ for i ^ j. 

As in the proof of Lemma 9.6, it follows from (37) that we have (f>ij{xy) = 
{ifiij{x)ujk){uki(fiij{y)) for x,y e A', i,j,k So fijixy) = ifiij{x)ujnpij{y) for 
i ^ j. Thus, we see that Xij ■ A' ^ A, defined by 

X^Ax) ^UjHp^J{x), (39) 

is an algebra isomorphism of A' onto A ioi i ^ j. Also, Xiji-^'^) = Uji<pji{A''^) = 
UjiA'^'^^'^+''^^*-^'^ C yl¥'=(^) for A e yl, so Xij is isograded with (xij)gr = ye- 

If we put a; = J/ = 1' in (38), we get tpij{z + z) = Uij{un'^ij{z) + Ujiipij{z) ). 
Since UijUji = 1, this yields 

tAij (z) = itij V'ij (z) (40) 
for 2: £ A' , % 7^ j. Also, if we take y = 2: = 1' in (38), wc get 

i>iji2x) = (pij{x){ujiVij + UjiVij) (41) 

for a; € A' , i ^ j. 

Nextw^iWi,^ e A^^r-si) As{er+ei) CA''^^^'-'. So replacing /i by a scalar multiple, 
we can assume that h = Wriwi.r- Since s is admissible for L{A, t), we have ft = ft, so 
(41) tells us that 

tpir{x) = ipir{x)h (42) 
for X € A'. Finally, using (39), (40) and (42), we have 

Xlr{x) = Urlipir{x) = Url1plrix)h~^ = UrlUlr tjjlr (x) Urlh~^ 
= 1plr{x)Urlh~^ = h^pirix) UrlhT^ = hXlr{x) 

for X € A' . Thus, xir is an isograded isomorphism of {A\l') onto (^, t^''^). □ 

As in types Ai and A2, the following proposition now follows from Theorem 11.1 
and Lemma 11.7. 

Proposition 11.8. Suppose that {A,t) is associative A-torus with involution and 
s e Hom(Q,yl) is admissible for L{A,l). Choose 7^ ft £ Then, we have 

L{A,i)^'^ c^Q^AL{A,t^'^^). 

We could follow the pattern in type Ai and define two associative tori with 
involution {A,l) and {A',i') to be isotopic if (^,t*''') is isograded-isomorphic to 
{A',l') for some nonzero homogeneous hermitian element ft of {A,l). However, we 
don't need to do this because of the following: 
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Proposition 11.9. Suppose that (A, l) is an associative A-torus with involution and 
h is a nonzero homogeneous hermitian element of {A,l). Then (yl, t^''') ~jg {A,b). 

Proof. Let k and k'''' be the mod-2 quadratic forms for (A,i) and respec- 
tively. Now h G A**, where n £ A, and since h is hermitian we have K{fi) = 0. Also, if 
X € A^,_X € A_we have_ (x) = hi{x)h-^ = {-1)'''^'^^ hxh-^ = 
so k'''^ (A) = k{X) + Kp{X, jX) for A £ /I. Hence, since = 0, we have 

/t^''^ (A) = k(X) + /tp(A, jif = k(X + Kp{p,, X)p,) 

for A £ ^. So wc define f : A —> A hy r(A) = A + Kp{p,,X)p, for X £ A. One checks 
that = 1, so t is an isometry of k'''^ onto k. Hence, our conclusion follows from 
Proposition 11.4(iii). □ 

Theorem 11.10. Suppose that (A,l) ts an associative A-torus with 'involution and 
{A',l) is an associative A' -torus with involution. Let L{A,t) = sspj^C^, <-) and 
L{A',l') = ssp2j,(A', z,') . Then, the following are equivalent: 

(a) {A,(,) is isograded-isomorphic to {A',(,'). 
(h) L{A,i)~uL{A',i'). 
(c) L{A,L)r^L{A',L'). 

Proof. "(a)=>(b)" is clear, and "(b)=>(c)" is trivial. Finally, suppose that (c) holds. 
Thus, L{A',i') ~bi L{A,i) by Propositions 11.8 and 11.9, so there exists a bi- 
isomorphism ^ : — > L{A,i). Since the automorphism group of A equals 
the Weyl group of A, we can, by Lemma 3.8, assume that i^r = 1- (a) now follows 
from Proposition 11.8 (with s = and h = l). O 



12 Some concluding remarks 

Putting together the theorems quoted and proved in this article, we obtain a very 
good understanding of the structure of EALAs of several types. 

Type A\: By Theorems 8.1 and Theorem 8.6, the TKK construction induces a 1- 

1 correspondence between isotopy classes of Jordan Z"-tori and isotopy classes of 
centreless Lie Z"-tori of type Ai. Composing this with Nchcr's EALA construction 
(Construction 4.1), we obtain, by the results of §6, an explicit 1-1 correspondence 
between isotopy classes of Jordan Z"-tori and families of EALAs of type Ai and 
nullity n up to bijective isomorphism. 

Type Ar {r > 2); By the results of §'s 6, 9 and 10, if r = 2 (resp. r > 3) the 3 x 3- 

projective elementary construction (resp. the (r + 1) x (r + l)-special linear con- 
struction) followed by Nelicr's construction gives us an explicit 1-1 correspondence 
between isograded-isomorphism classes of alternative (resp. associative) Z"-tori and 
families of EALAs of type Ar and nullity n up to bijective isomorphism. 

Type Cr (r > 4); The structural information is particularly sharp in this case. In- 
deed, by Theorem 11.1 and Theorem 11.10 (again along with the results of §6), the 
construction of an associative torus with involution from a mod-2 quadratic form 
(see Proposition 11.4(ii)), followed by the 2r x 2r-special symplectic construction. 
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followed by Neher's construction, gives an explicit 1-1 correspondence between isom- 

etry classes of quadratic forms on an n-dimcnsional vector space over Z2 and families 
of EALAs of type Cr and nullity n up to bijective isomorphism. 

Type Dr (r > 4), E^, E7, Eg: Let Xr be one of the indicated types. According to 
[BGK, Tlim. 1.37] and [Y2, §5], any centreless Lie /l-torus of type Xr is isogradcd- 
isomorphic to the untwisted Lie torus g(8)F[yl], where g is the split simple Lie algebra 
of type Xr. Thus, there is only one bi- isomorphism class and hence only one isotopy 
class of centreless Lie Z"-tori of type X^. Therefore, for a given nullity, there is only 
one family of EALAs of type X^ up to bijective isomorphism. 

Other types: We have omitted discussion of families of EALAs of types C3 , (r > 2) 
and BCr {r > 1). Type C3 can be handled using for the methods of §11, as there 
is only one centreless Lie Z"-torus of type C3 that is not covered by the 6x6- 
special symplectic construction ([AG, Thm. 4.87], [BY, Thm. 5.9]). (This exceptional 
example exists only if n > 3 .) In types B^ (r > 2) and BCr (r > 1), we expect that 
isotopes and isotopy of coordinate algebras will play a key role not only in the 
arguments but also in the statements of the results (as in type Ai). 

Finally, we note that when F is algebraically closed, there is an alternative 
method (replacing coordinatization) to construct centreless Lie Z"-tori. This me- 
thod, which has been investigated recently in [ABFPl] and [ABFP2], constructs 
centreless Lie tori as multiloop algebras, just (as in nullity 1) afhne Kac-Moody Lie 
algebras are constructed using loop algebras. To be somewhat more precise, sup- 
pose that a = ((Ti, . . . , cr„) is an n-tuple of commuting finite order automorphisms 
of a finite dimensional simple Lie algebra s. Let g = be the fixed point alge- 
bra of {ai}f^i in s, let f) be a Cartan subalgebra of g, let A = Z\(s, h)), and let 
Q = spaug A. We give the tensor product T = 5 g) ^[z^^ , . . . , z^^] a. Q x Z"-grading 
using the natural Q-grading of the first factor and the natural Z"-grading of the 
second factor. Next, for 1 < i < n, we fix a primitive root of unity (^m^ for 
each i, where rrii — \ai\, and we define an automorphism rji of F[zj^^, . . . ,z^^] by 
Vi{zj) = Cml Zj. Now let LT(s, a, I)) be the fixed point algebra of { Ui ® rj^^ }^=i in 
T, in which case LT(s, tr, f)) is a Q x Z"-graded subalgebra of T. If cr satisfies some 
additional conditions that are listed in [ABFP2, Prop. 3.2.5] (the most important 
being that g is simple), then Z\ is a root system in d* and LT(s, cr, f)) is a centreless 
Lie Z"-torus of type A, which is called a multiloop Lie torus. Also it is shown in 
[ABFP2, Thm. 3.3.1] that a centreless Lie torus L is bi- isomorphic to some multi- 
loop Lie torus if and only if L is a finitely generated as a module over its centroid. 
Furthermore, necessary and sufficient conditions axe given there for two multiloop 
Lie tori to be bi-isomorphic or to be isotopic. The reader can consult [ABFPl] and 
[ABFP2] for details about these results. 

The two approaches, using coordinatization and using multiloops, which have 
been used to construct and to determine isotopy of centreless Lie tori, each have 
significant complimentary advantages. It is our view that both are needed in order 
to gain a full understanding of families of EALAs. 
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